Newton's Equations
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Derivatives
Kinematic Constraints Velocities
x1 - l1 Sin(Gl) ).Cl = élll COS(@l)
x, =l sin(0,) + 1, sin(6,) %2 = 011y cos(6;) + 8,1, cos(6,)
y1 = —l1sin(61) V1= é111 sin(04)
Vo = _ll Sin(el) — lz Sin(ez) yz — élll Sin(el) + ézlz Sin(ez)

The acceleration is the second derivative.

j(:']_ = _9%l1 Sin(el) + élll COS(G]_)
j}l = 9%l1 COS(@l) + élll Sin(el)
5(:'2 = —G%ll Sin(el) + élll COS(91) — 9%[2 Sin(ez) + ézlz COS(ez)

j}Z = —9%[1 COS(Gl) + élll Sin(el) + 9%[2 COS(ez) + ézlz Sin(ez)



Newton's Equations

Forces in the Double Pendulum
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Newton's Law Equation of Motion
my

> F=0

m15€1 —_ _Flsinel + Fzsinez
myy, = F,cos0, — F,c0s0, —myg

Newton's Law Equation of Motion
m,

mzjéz = _Fzsinez

myy, = F,c0s8; —m,g



Newton'’s Law Equation of Motion

Direct Method for Finding Equations of Motion:

> Let's write the values of m,%, and m,y, in the equations of motion

of mass my:

mljél — _F]_Sinel - mzjéz

myy; = Ficosb; —myy, —myg —myg

> Let's multiply the first equation by cos8,; and the second equation

by sinf;:

F;sin®,c0s0; = —cos0,;(m,¥; + m,¥,)

F;sin®,c0s0; = sin®;(m %, + my%, + m,g + myg)

> If we equate the two equations:

sinf;(my¥; + my¥%, + myg + myg) = —cos0,(m,%; + myi,)



Newton'’s Law Equation of Motion

» Then in the equation of motion for m,, let's multiply m,%, by cos6,

Clﬂd mzj}z by Sin92.

F,sin0,co0s0, = cos®,(m,%,)

F,sinB,cos0, = sinb,(m,y, + m,g)

> If we equate the two equations:

sinB,(m,y, + m,g) = cos0,(m,x,)

> Let's wrife the last equations we get:

sinf;(m,¥; + my¥, + myg + myg) = —cos0,(m¥%; + myx,)

sinB,(m,y, + m,g) = cos0,(m,x,)



Newton'’s Law Equation of Motion

> If we substitute the values of %1, y,, ¥, and y, into the equation
and perform some complex calculations, the equations of motion

for the system are obtained :

0,
—g(my; + m,)sin8; — m,gsin(8; — 20,) — 2sin(6; — 6,)m, (é%lz +621,cos(8; — 62))

I, (2my + my; — mycos(20, — 260,))

—2sin(6; — 6,) (E')%ll(ml +m,) + g(my + m,)cos6; + l,m,cos(0; — 62))

él -
l2(2m1 + m, —m,cos(20, — 262))



Lagrange's Equations

Derivatives
7 -
Kinematic Constraints Velocities
x; = 1y sin(0;) %; = 041 cos(8,)
x, = Iy sin(0,) + 1, sin(6,) %2 = 0113 cos(6;) + 8,1, cos(6,)
y1 = —l; sin(6,) y1 = 611 sin(8,)
y, = —l; sin(0;) — [, sin(6,) y, = 0411 sin(0;) + 6,1, sin(6,)

Lagrange Equations Steps:

% Kinefic Energy of the System
% Potential Energy of the System
% L=K-P Lagrange's Equations

% Euler-Lagrange differential equation



_ 2
K =—-mvi{ +-myv;

Kinetic Energy
Double Pendulum System

1 1,

2 2

1 : : 1 : :
K = -my(x{ + yf) + =my(x5 + y%)

2 2

1
1 . L ' ‘
K — Eml (l%@f(coszg 7 91)) + Emz [((l191c0591 + l292C0592)2)]

1
+(l1 0,sinf; + L, ézsinez)

1 1 1

K = Emll%élz +5m; 1267 (Wl) + 1302 (cos26, + sin?6,)]

+21,1,6,0,(cos0,cosO, + sinb,sinb,)

1 1 : : :
K = =my126? + —m, (l%@f + 1505 + 21,1,6,0,c05(0, — 92))

2 2

Potential Energy
Double Pendulum System

P =mygy; + mygy,

P

—(my + my)gl,cos6; — m,gl,cosb,



Lagrangian Equation
General

The Lagrangian(L) of a system is defined to be the difference of the

kinetic energy and the potential energy.

1 1 o .
K = 5my367 + o m, (1267 + 1303 + 2111,6,8,c05(6; — 6,))

2
P=—-(m; +my,)glcosb; —m,gl,cosO,
L=K-P
L = %mll%é% " %mz (1262 + 363 + 21,1,0,0,c05(8; — 6,))

+(my; + m,)glycos®, + m,gl,cos0,

Euler - Lagrangian Equation
Double Pendulum
04

Euler-L diff tial tion : 4 (o aL—O
uler-Lagrange differential equation : 2i\78) 38 "

Partials of the Lagrangian for 6;:
> aa_eLl — _llg(ml ~+ mz)Sin(el) — mzlllzelezsin(el — 62)

> aaTL — (m]_ P mz)l%el + mzlllzézc'OS(el - 92)
1

d (0 . . . . : :
> E(a—eLl) = (ml + mz)lfel + m2l1l262COS(el — 92) — mzlllzezsln(el — 92)(91 —_ 62)



Lagrangian Equation
Double Pendulum
0,

d (9L oL _
dt\od) a0

> (mq +my)1?6; + myl1,6,c05(8; — 0,) — m,1;1,0,0,sin(6; — 6,) +
m,l;1,0%s5in(0; — 0,) + my,1;1,6,0,sin(0; — 8,) + I, g(m; + my)sin(6,) =0

Dividing through by [, , this simplifies to :

> (mq +my)1?0; + myl1,6,c05(8; — 0,) — m,l;1,0,85sin(0, — 6,) +
m,l;1,03sin(8; — 05) + myl,1,0,0,sin(6; — 0,) + l;g(m; + m,)sin(6,) =0

> (m1 + mz)llél + m2l262COS(61 — 92) + mzlzé%Sin(el — 62) + g(‘m1 + mz)Sin(el) =0

Simplifying and Solving for 6, :

—m,1,0,c05(0; — 8,) — m,1,03sin(0; — 0,) — g(m, + m,)sin(6;)
(my + my)l

1:



Lagrangian Equation
General

1 .1 . . .
L=-my 262 +>m, (1262 + 1263 + 21,1,0,0,c05(8; — 6,))

+(m,; + m,)glicos®; + m,gl,cos0,

Euler - Lagrangian Equation
Double Pendulum
0

Euler-L diff tial tion : 4 (ot aL—O
uler-Lagrange differential equation : 2i\75) " 20"

Partials of the Lagrangian for 6,:

> aaTL = mzlllzélézsin(el — 92) — lzngSin(ez)
2

> aaTL = mzl%éz + mzlllzélca.g(el — 92)
2

d oL . . . . . .
> E(a_é)l) = m,140, + m,1,1,0,cos(8; — 0,) — m,1l;1,0;sin(0; — 62)(61 — 62)



Lagrangian Equation
Double Pendulum
0

d (9L oL _
dt\od) a0

> m,120, + myl1,0,c0s(0; — 0,) — my,l;1,0%sin(6; — 6,)

+m2l11291925in(91 — 92) — mzlllzélézsin(el — 92) + nglzsin(ez) =0

Dividing through by [, , this simplifies to :

> mzl%éz + mzlllzélco.S(el — 92) — mzlllzé%Sin(el — 62)

+my1;1,0,855i(0; — 0,) — m,l;1,0,0,sint0; — 0,) + m,gl,sin(0,) =0

> mzlzéz + m2l1é1C05(91 — 92) — mzllé%Sin(el — 92) + ngSin(ez) — 0

Simplifying and Solving for 9;:

; —m,1,0,c0s(8; — 0,) + m,1,6%2sin(8; — 0,) — m,gsin(0,)
2 —

myl,




Euler - Lagrangian Equation

Double Pendulum Equation of Motion

_ —myly0,c08(0; — 6;) — myl,05sin(0; — 8,) — g(my + my)sin(6;)

(m; + my)ly

—m,1,0,c0s(8; — 0,) + m,1;02sin(6; — 0,) — m,gsin(0,)

myl,




Hamilton's EqQuations

» Lagrangian Equation for Double Pendulum:

1 : 1 : . :
L= Emll%G% + Emz (l%@% + l%@% + 2l1l26192€05(61 — 92)) + (m1 + mz)gllcosel

+m,gl,cos0,

» The Hamiltonian of the System:

2
H=Zéipei—L,
=1

_ oH
dpe, '

i

__ o f | =1,2
pei_ ael) or L = )



Hamilton's EqQuations

» From the Lagrangian, one can obtain the canonical momenta of

the system:
oL
Pe, = . = (my + my)l£6; + myl11,0,c05(01 — 6,)
1
oL 5 .
pez — ﬁ — mzlzez + m2l1l291COS(91 — 92)
y)

> This can be written in the matrix form as:

(Pel) _p 61 B = (my +my)lf m,l11,0,c0s(0; — 92)>
Pe,) 92 ’ m,1,1,08,cos(0; — 6,) m,l4

> The inverse fransformation matrix form as:
91) = g1 (pel)
62 pez
det(B) = mym,1215 + m51214[1 — cos?(8; — 6,)]
= mym,l415 + m41215sin?(0; — 0,)

> mim, l% l%

» B can be inverted directly, (2x2 matrix):

B-1— L ( m,l5 —myly1,0,c05(8; — 92))

E —m2l1l262COS(61 — 62) (ml + mz)l%



Hamilfon's Equations

> After rearranging some terms:

lzpe1 — l1P92C05(91 —03)

0, =
1 l%lz [ml + ‘mZSinZ (91 — 62)]

—mylypg, cos(B; — 0;) — (my + my)l;pe,

0., =
2 myly15[my + mysin2(0; — 0,)]

2
» The Hamiltonian H = Z éipgi — L interms of 85, 6;, pg, aNd py,:
=1

—m%l%pél + (my + mz)l%péz - 2m21112P61P62005(91 — 03)

H =
2myl215[m, + mysin2(0, — 0,)]
—(m4; + m,)glicos®; —m,gl,cosH,
: : L OH OH :
» Equation H can finally be used on equation 6; = o Po; = ~ 55, fo give us
0; i

the Hamiltonian equations of motion for the double pendulum:

lzpe1 — l1P92C05(91 —03)

0, =

2L, [my 4 mysin2(8; — 6,)]

_ —mylype, cos(01 — 82) — (my + my)lype,

? myly15[my + mysin2(0; — 0,)]

. 0H . .
pgl — a_el — —(m1 + mz)gllslnel — hl + thln[Z(el — 62)]
. oH . .
pez — — 5 — _nglzslnez + hl — thln[Z(el — 92)]

96,



Hamilfon's Equations

_ p91P925in(91 —03)
[,1,[m{ + mysin?(0; — 0,)]

hq

B mzl%Pél + (my + mz)l%péz — 2myl4 1, pe, pe,cos(01 — 6)

h, =
1 21212[my + mysin?(0; — 0,)]?
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